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Theproper orthogonal decomposition is applied to the response of linear andnonlinear beammodels to construct a

reduced-order model for predicting the response to various initial conditions without requiring the equations of

motion for the structure. The proper orthogonal decomposition is interpreted as a modal sum, and the structural

response to an initial condition is expressed as aweighted summation of proper orthogonalmodes and corresponding

proper orthogonal coordinate histories. A method for calculating the weights of each mode in the response to an

altered initial condition is presented. This method is applied to predict the responses of a linear undamped beam

model and a damped beam model with a nonlinear spring to various initial displacement and velocity profiles. The

results obtained are compared with those from respective finite element models for each beam.

Nomenclature

ui = ith proper orthogonal mode
vi = ith proper orthogonal coordinate history
W = displacement snapshot matrix
wi = ith initial displacement profile
_wi = ith initial velocity profile
"i = energy captured by ith proper orthogonal mode
�i = ith proper orthogonal value

Introduction

T HE finite element (FE)method is commonly used to analyze the
dynamics of complex structures [1]. Although the method is

very powerful, some of its limitations become apparent when it is
applied for analysis of very large, possibly nonlinear, structures with
millions of degrees of freedom. Months may be required to develop
the geometry and form the element mesh for such models. After the
model is completed, the analysis may require days or weeks of
processing time [2]. Finally, there is no guarantee that the analysis
will accurately predict the behavior of an actual structure. The
analysis may be incorrect due to modeling errors (e.g., incorrect
assumptions about damping or linearity), parameter errors (e.g.,
inaccuracy of Young’s modulus), or other factors [3].

Manymethods have been developed to circumvent these problems
by using experimental response data to characterize or identify a

system.Modal analysis is commonly used to validate or update linear
FE models to insure that the computer analyses will be correct [4].
Other identificationmethods have been developed for both linear and
nonlinear systems [5,6]. However, current nonlinear identification
techniques are only developed for systems with a small class of
nonlinearities, and nonlinear system identification is currently an
active field of research [3].

This paper describes a method for using the proper orthogonal
decomposition (POD) of measured response data to construct a
reduced-order model for predicting the free response of linear and
nonlinear systemswithout any knowledge of the equations ofmotion
for the structure. The POD is a statistical method for extracting
significant shapes and their corresponding amplitude modulations
that are present in a displacement-field history [7]. The POD is an
attractive tool because it is a linear procedure and its governing
mathematics are therefore relatively straightforward. However, it is
often applied to nonlinear problems to compute the “optimal
approximating linear manifold for the data” [7]. Although using a
linear manifold to approximate a nonlinear system necessarily
introduces error into an analysis, the POD does “not do the physical
violence of linearization methods” [8]. The methods given in this
paper use the POD to create a linear time-varying model for a
nonlinear system that is more accurate than the model that would be
obtained by linearizing the governing equations of motion.

The POD, also known as the Karhunen–Loève decomposition or
principle component analysis, has been applied in many fields,
including fluid mechanics, statistics, oceanography, meteorology,
psychology, and economics. The method has been used in fluid
mechanics to extract coherent structures from a turbulent flow [8] or
to generate a basis for model reduction of unsteady viscous flows [9].
The POD has also recently been applied in structural dynamics for
model order reduction [10–15], vibration control [16,17], structural
health monitoring [18–20], modal analysis, sensor validation
[21,22], nonlinear vibration analysis [23,24], and system
identification [25–28].

The methods described in this paper add to previous applications
of the POD for system identification.Many of the techniques that use
the POD for system identification combine the model-reduction
capabilities of the POD modes with standard system identification
techniques for identification of reduced-order systems [25,26]. Other
publications address model updating using the POD [27], and some
estimate the degree of nonlinearity present in a system using the POD

Presented as Paper 2395 at the 48th AIAA/ASME/ASCE/AHS/ASC
Structures, Structural Dynamics, and Materials Conference, Honolulu, HI,
23–26 April 2007; received 27 November 2006; revision received 11 May
2007; accepted for publication 22 June 2007. Copyright © 2007 by Timothy
C. Allison. Published by the American Institute of Aeronautics and
Astronautics, Inc., with permission. Copies of this paper may be made for
personal or internal use, on condition that the copier pay the $10.00 per-copy
fee to the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers,
MA 01923; include the code 0001-1452/07 $10.00 in correspondence with
the CCC.

∗Ph.D. Candidate, Center for Intelligent Material Systems and Structures,
Department of Mechanical Engineering, 310 Durham Hall, Mail Code 0261;
talliso@vt.edu. Member AIAA.

†Ph.D. and Principal Member of Technical Staff, Analytical Structural
Dynamics Department, P.O. Box 5800. Member AIAA.

‡G. R. Goodson Professor and Director, Center for Intelligent Material
Systems and Structures, Department of Mechanical Engineering, 310
Durham Hall, Mail Code 0261. Fellow AIAA.

AIAA JOURNAL
Vol. 45, No. 10, October 2007

2538

http://dx.doi.org/10.2514/1.28516


[28]. Currently, however, there is no technique that uses the
information in the POD to construct a model for a system
independently of standard identification methods. In this paper, a
newmethod based onmode-summation theory is described for using
data from the POD to simulate the free response of both linear and
nonlinear systems without requiring knowledge of the equations of
motion for the system (e.g., a finite element model).

This manuscript is organized into four sections. The first section
describes how the POD may be calculated from a response
(measured or simulated) using the singular value decomposition and
explains the significance of each element of the POD. The second
section describes methods for using the POD to predict the free
response of a structure to initial displacements or velocities. The third
section applies these methods to finite element simulations of two
example problems: a linear cantilever beam and a damped beamwith
a cubic spring. The predicted responses are compared with those
obtained from finite element models for each beam. The final section
draws conclusions about the POD-based response-prediction
methods based on the example problem results.

Computation of the POD

The POD can be computed by many methods [7]. This section
explains how the POD is computed with the singular value
decomposition of a snapshot matrix. First, a system response is
generated by either forcing the system or imposing an initial velocity
or displacement profile. In this paper, we will assume that an initial
velocity profile _w0 or an initial displacement profile w0 is used to
generate a response (not both at the same time). Next, the
displacement atm degrees of freedom is sampledn times and the data
are arranged in a “snapshot” matrixW:

W �

w1�t1� w1�t2� . . . w1�tn�
w2�t1� w2�t2�

..

. . .
.

wm�t1� wm�tn�

2
6664

3
7775 (1)

Next, the singular value decomposition ofW is computed:

W �U�VT (2)

In Eq. (2), the columns ui of U are the proper orthogonal modes
(POMs), the columns vi of V are the proper orthogonal coordinate
(POC) histories that correspond to each POM, and � is a diagonal
matrix for which the diagonal elements �i are the proper orthogonal
values (POVs) corresponding to each POM. The POC histories
describe the amplitude modulation of each POM, and the POVs
describe the relative significance of each POM in the responseW [7].
If the system is linear and lightly damped, with a mass matrix
proportional to the identitymatrix, then the POMswill be equal to the
linear normal modes. For nonlinear systems, if a single nonlinear
normal mode is excited, then the first POM is a linear approximation
to the excited nonlinear normal mode [29,30]. The percentage of
signal energy captured by ui is given by

"i �
�iP
m
j�1 �j

(3)

Typically, only POMs that constitute a certain percentage of signal
energy (e.g., 99 or 99.9%) are considered [7,8,26,31]. If k dominant
POMs are considered, then we may approximateW as a summation
of POMs and corresponding POC histories, shown next (noting that
� is diagonal):

W �
Xk
i�1

�iuiv
T
i (4)

We note that even signals generated by nonlinear systems may be
represented by a summation of POMs [3]. It should be noted that the
POMs and POC histories are orthonormal:

UTU� VTV � I (5)

Although this paper has focused on calculation of the POMs, POVs,
and POC histories by performing a singular value decomposition,
these quantities may also be determined when calculating the POD
by other methods [7]. The singular value decomposition is used in
this paper for its simplicity and convenient expression as a
summation of modes.

Most applications of the POD use only the POMs, meaning that
only the spatial information about the system is obtained. The only
documented use for the POC histories is to examine their frequency
content to determine which linear normal modes are represented in
each POM [7,31]. This paper describes a new application for the
POC histories by using them to form a reduced-order model for the
free response of a system to the same type (i.e., displacement or
velocity) of initial condition used to generate the original response.

Free-Response Prediction

This section provides a method for using the POMs and POC
histories obtained from a response to predict the response to other
initial conditions. Specifically, if an initial displacement is used to
generate the original response, we give a method for predicting the
response to a new initial displacement, and likewise for velocities. As
shown in Eq. (4), the matrices U, V, and � completely describe a
system’s response to w0 or _w0 without requiring information about
the full-order equations of motion. Suppose that an initial
displacement profile w0 was imposed to form W. We now wish to
modify the matrices to describe the system’s response to a different
initial displacement profile ~w0. When solving vibration problems
(e.g., the wave equation) analytically using separation of variables, a
typical approach is to express the response as a summation of spatial
eigenfunctions, temporal functions, and coefficients that indicate the
relative significance of each mode in the response. Although the
eigenfunctions and temporal functions do not depend on the initial
conditions, the significance coefficients do depend on them and are
calculated using inner products of the eigenfunctions with the initial
displacement or velocity profile [32].Wewill take a similar approach
and assume that U and V do not change for a given system, but that
the participation of each POM, measured by �i, changes to represent
the response to new initial conditions. If these assumptions aremade,

then the response ~W to ~w0 may be written as

~W �
Xk
i�1

~�iuiv
T
i (6)

where the tilde notation indicates that the values in the diagonal

matrix� have changed, although ~� is still diagonal. Thefirst column
of Eq. (6), which corresponds to the initial time t� t0, is

~w 0 �
Xk
i�1

~�iuivi;0 (7)

In Eq. (7), the scalar vi;0 is the first element in each POC history vi.
We recall that the POMs are orthonormal and multiply both sides of
Eq. (7) on the left by uTj to all but the jth term in the summation. The

resulting equation may be solved for ~�j:

~� j �
uTj ~w0

vj;0
; j� 1; 2; . . . ; k (8)

We note that vj;0 in Eq. (8) is nonzero because the original POVs are
found from

�j �
uTjw0

vj;0
; j� 1; 2; . . . ; k (9)

and are finite. After the new POVs ~�j have been calculated, the
response to ~w0 may be approximated using Eq. (6).
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If an initial velocity profile _w0 is applied to formW, the response to

a different velocity profile _~w0 may be calculated in a very similar
manner. Instead of calculating the new POVs from Eq. (8), however,
we calculate them as follows:

~� j �
uTj

_~w0

_vj;0
; j� 1; 2; . . . ; k (10)

In Eq. (10), the time derivative of the POC histories at t� t0 may be
calculated from a forward-difference scheme or from the original
velocity profile _w0, if it is known. At t� t0, we may write

_w 0 �
Xk
i�1

�iui _vi;0 (11)

Multiplying the left side of Eq. (11) by uTj allows us to solve for _vj;0:

_v j;0 �
uTj _w0

�j
; j� 1; 2; . . . ; k (12)

By using the newPOVs calculated fromEqs. (8) or (10) in Eq. (6), we
are able to predict the free response of a system to a variety of initial
conditions using only data obtained from the original POD.

Errors may be present in predictions made with the reduced-order
model. First, the model can only accurately predict a response matrix
that may be spanned by the original set of POMs. If initial conditions
are introduced that generate a response that cannot be expressed by
the POMs ui, then the prediction will be inaccurate. An extreme
example arises when a model constructed from a response that is
restricted to one plane is used to predict the response to an initial
condition that excites motion that is restricted to a perpendicular
plane. The measured POMs are entirely unable to represent the
responses to these new initial conditions and the method predicts no
response at all. Therefore, when constructing the model, it is
desirable to use a response to initial conditions that excite a wide
variety of shapes to generate POMs that can represent responses to a
large selection of initial conditions. When the method is applied to
nonlinear systems, a linear model is obtained that will match the
measured nonlinear response exactly. For nonlinear systems, a new
excitation can result in a significant change in the natural frequencies
of the system and cause the system to exhibit newbehaviors [33]. The
reduced-order model constructed from the POD will be unable to
predict these new effects. However, the model may accurately
predict the response to an initial condition that is nearby the original
condition.

Examples

This section applies the methods described in the previous section
to two models: an undamped cantilever beam and the same beam
with a dashpot and cubic spring at the end, shown in Fig. 1. The
beams were steel (E� 200 GPa and �� 8000 kg=m3) and had
dimensions of 24 � 1 � 0:75 in: Finite element models were created
for each beam using 24 beam elements. The spring force over the tip-
displacement range seen in simulations in this paper is shown in
Fig. 2, along with the cubic-force equation, and the value of the
dashpot was 0:2 lbf � s=in:

The Newmark method was used to simulate the exact response of
each beam model to several initial displacement profiles, shown in

Fig. 3. Each displacement profile was generated by applying static
loads to the linear beam. The displacement profile w0 was generated
by applying static loads of 300, 200, and �260 lbf at locations 17,
18, and 24 in. from the root of the beam. Profiles w1 and w2 were
formed by applying static loads of 100 and �300 lbf at locations 24
and 8 in. from the root of the beam, respectively. The free responses
of each model to each initial displacement were simulated for 0.05 s
(approximately twice the fundamental period of 0.0238 s for the
linear beam), and the vertical displacements at 24 points were
captured at every time step (0.1 ms) to formW. Thus, the dimensions
ofW were (24 � 500) for both models.

Next, the POD was computed from each beam’s response to w0

and the methods described in Eqs. (6–9) were applied to simulate the
responses of both systems to initial displacement profilesw1 andw2.
The responses were simulated using the first four POMs, which
corresponded to 99.9% of the signal energy. The original POVs
(from the response tow0) and recalculated POVs (for responses tow1

and w2) are shown in Fig. 4 for the linear beam.
The original and recalculated POVs for the nonlinear beam were

very similar and are not shown. In both cases, the POVs drop off very
quickly, showing that only a fewPOMs are necessary to represent the
motion accurately. This figure also illustrates how the significance of
each mode changes in response to the different initial displacement
profiles. For example, the first POV for both beams is larger in
response tow1 than tow0, indicating that the first POM ismore active
in the response to w1 than to w0. For visualization purposes, the first
three POMs for the linear beam are shown in Fig. 5 (the POMs for the
nonlinear beam are very similar).

The tip displacements at each time step calculated by the FEmodel
and the POD-basedmodel for the linear beam responses tow1 andw2

are shown in Figs. 6 and 7. Both figures show that the POD-based
model predicts the tip displacement very accurately for the linear
beam. The tip displacements for the nonlinear beam responses to w1

andw2 are shown in Figs. 8 and 9. In each figure, the results obtained

Fig. 1 Linear (top) and nonlinear (bottom) beam models.

Fig. 2 Cubic spring force for the nonlinear beam model.

Fig. 3 Applied initial displacement profiles.
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using the POD-based models are plotted with the exact results
obtained by the FE models. The amplitude of the tip displacement
decreases with time, correctly modeling the damping, but a
frequency error is visible in the prediction. This error is due to the fact
that the natural frequencies of the nonlinear beam have changed with
the new initial condition and, as mentioned previously, the POD-
based model is linear with a fixed frequency equal to the frequency
observed in the response to w0.

Next, we applied themethods described in Eqs. (6–12) to the same
two beam models (Fig. 1) to predict the initial velocity response of
each beam. As with the initial displacement example, FE models for
each beam were used to simulate the exact response of each beam to
several initial velocity profiles, shown in Fig. 10. The initial velocity
profile _w0 was generated by applying a 1000-lbf impulse at the beam

tip on the initial time step and measuring the velocity at the second
time step. Similarly, the initial velocity profiles _w1 and _w2 were
generated from a 1000-lbf impulse 2 in. from the beam root and
5000- and 3000-lbf impulses 3 and 23 in. from the beam root,
respectively. Nine POMs and POC histories (capturing 99.9% of the
original signal energy) were obtained from the response of each
model to the initial velocity profile _w0 and used to predict the
responses to _w1 and _w2 for each beam.

The tip displacements in response to _w1 and _w2 predicted by the
POD-based model are plotted with the FE model results in Figs. 11
and 12 for the linear beam and in Figs. 13 and 14 for the nonlinear
beam. Again, the POD-based model accurately predicted the tip
displacement for the linear beam. The POD-based model for the
nonlinear beam is also a good approximation to the nonlinear model

Fig. 4 Original and recalculated POVS for the linear beam model.

Fig. 5 First three POMS for the linear beam model.

Fig. 6 Tip displacement of the linear beam model in response to w1.

Fig. 7 Tip displacement of the linear beam model in response to w2.

Fig. 8 Tip displacement of the nonlinear beammodel in response tow1.

Fig. 9 Tip displacement of the nonlinear beammodel in response tow2.
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for the initial velocity responses shown, but as stated before,
incorrect predictions will occur if the nonlinear system undergoes
frequency changes and/or exhibits other nonlinear characteristics not
observed in the original signal.

Conclusions

Based on the results shown in the paper, we conclude that the
method of proper orthogonal value recalculation explained in this
research can be used to construct an accurate reduced-order model
for the free response of linear and nonlinear structural systems
without knowledge of the equations of motion for the structure. For
both linear and nonlinear systems, the accuracy of the prediction will
depend on how well the original set of proper orthogonal modes can
represent the new response. For nonlinear systems, the method can

be used to replicate the original nonlinear response accurately, but
the method is linear and can only predict responses to new initial
conditions accurately if they exhibit the same frequency content and
nonlinear characteristics that are present in the original response.
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